A GOING-UP THEOREM 



YING ZONG 

We prove a generalization of Zariski's irregularity theorem on cyclic 
multiple planes pQ, p. 508. 

1. Notations 
Let p be a fixed prime number, A = Z/pZ. 

Given a scheme X, and * G {+,—,6,0}, D*(X,A) denotes the de- 
rived category of the category of sheaves of A-modules on X for the 
etale topology. 

If T : D*(X,A) — > A is a cohomological functor with values in an 
abelian category, L G Ob D*(X,A), i G Z, let T\L) denote T{L[i\). 

2. A GOING-UP THEOREM 

Theorem. - - Let X be a scheme, i : D >■ X a closed immersion, 
U the complement of D in X . Suppose U is locally connected. Suppose 
it : Y X is an X -scheme, entier, surjective over X , radical over D, 
and finite, etale, Galois over U of group a p- group. IfT : D*(X,A) — > 
A is a cohomological functor with values in an abelian category, K is 
an object of D*(X, A) such that T(K) — > T(i*i*K) is surjective and 
T\K) = 0, then T l {n*n*K) = 0. 

Remarks. — i) In particular, if H°(X, A) — > H°(D, A) is surjective, 
and H l (X, A) = 0, then i7 1 (y, A) = 0. For D a connected curve on 
the complex projective plane X, this is essentially Zariski's theorem, 
loc.cit. 

ii) Write j : U X, j' : 7r _1 (?7) Y for the open immersions. Let 
T = H°RT : D+(X, A) (Ab), n G Z, K = j,A[n - 1]. Since i*K = 0, 
one finds that H n (YJ{A) = 0, if H n (X,j\A) = 0. 

iii) The following analogue is proven in the same way : 

Let X be a topological space, i : D ^ X a closed subspace, U the 
complement of D in X . Suppose U is locally connected and locally 
path simply connected. Suppose n : Y — )■ X is an X -space, proper, 
surjective, with finite fibres, ir~ 1 (D) — >■ D is bijective, 7r _1 (?7) — > U is 
a Galois covering of Galois group ap-group. IfT : D*(X,A) — )■ A is a 
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cohomological functor with values in an abelian category, K is an object 
ofD*(X,A) such that T(K) ->■ T(iJ*K) is surjective and T l (K) = 0, 
then T 1 (jt^tt* K) = 0. 

Proof of the theorem. — Write j : U X for the open immersion. 
Every object L of D*(X,A) sits in the localization triangle (SGA 4, 
Expose XVII, 5.1.16) 

j\j*L — > L — > i*i*L. 
Its T-cohomology sequence reads as 

T\ 3 ,fL) T X (L) T 1 ^* L) ^> T 2 ( jL f L). 
If, for L = 7r*7T*i^, one has that T^jifL) = and 
5 L :T\ueL)^T 2 {M*L) 
is injective, then T l (L) = 0. 
Prove ^(jifn^K) = : 

The morphism 7r _1 (C/) — >■ [/ being finite, etale, Galois of group a 
p-group G, the A-module j*7r*A is locally constant, constructible, and 
at any geometric point u of U, the representation 

Pu : m(U,u) ->■ GL(0'V*A) ff ) 

factors through G. Consequently, the monodromy Im(p^) is unipotent, 
and 

F 1 := Coker(A ->■ fn*A) 

admits a finite filtration F n by sub-A-modules such that each successive 
quotient F n / F n+1 is isomorphic to A. 

The exact sequences 

->■ A ->■ j*7T,A ->■ F 1 ->■ 

->■ ->■ F n ->■ A ->■ 

applied by 

? ^ j*AT | A ? 

give rise to triangles 

j*K -» j*K | A j*tt,A ->• j*AT | A F 1 
j* ®a ->• j*K ®a F n ->• j*AT. 
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Further applied by the functor Tj\, the triangles induce cohomology 
sequences 

(*) T l (i\fK) T\ 3l (fK | A j* tt*A)) T 1 ^* X ®a F 1 )) 
(*„) T\ 3 ,(fK ® K F n+1 )) T^jKj^ ®a F")) T l (j\j*K). 

Observe that 

T 1 ^'* = 

using the exact sequence 

T(K) ->• T(iJ*K) ^> T\ 3[ fK) ->■ T^AT) 

and the assumption that T(if) — >■ T(i*i*K) is surjective and T 1 (fT) = 
0. 

By descending induction on n, (*„) and (*) imply that 
(**n) T\j x {j*K ® A F")) = 0, VhgZ 
(**) T 1 (j ! (j*ir|)Aj*7r,A)) = 0. 

Then, the projection formula 

L 

ir*ir*K — K <g) A 7r*A 
(SGA 4, Expose XVII, Proposition 5.2.9) concludes the vanishing 

T x { 3 \f^*K) = T\j,f{K ® A tt*A)) = T l (j\(j*K § A j* tt*A)) ( = } 0. 

Next, show 
is injective : 

Let i' : 7r _1 (D) c - )■ F denote the closed immersion, 7r' : 7r _1 (.D) — >■ L> 
the restriction of 7r to 7r _1 (D). 

The theorem of base change (SGA 4, Expose VIII, Proposition 5.5) 

% 7T* = 71"^ ) 

gives the equality 

t\is^^k) = T\iy^{i'y^K) = T l {iy,{Tt')*i*K). 

And the adjunction morphism 

i*K ->■ t^tt')*^ 
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is an isomorphism, for ix' : 7r _1 (D) — > D is entier, radical, surjective 
(SGA 4, Expose VIII, Theoreme 1.1). 
Hence, canonically, 

T\iJ*7i,7i*K) = T\ui*K). 

The homomorphism 

5 L : T\ij*w*K) -> T 2 ( 3l fn*n*K) 

factors, up to the identification 

T\ij,*w*K) = T\ijTK), 

as 

5 L : T\ui*K) ^ T 2 {j,fK) T 2 {j,f^*K). 

To show 

5 L : T\iJ*7r,7r*K) -> T 2 (j,j*7r,7r*K) 
is injective, it suffices to show 

8 K :T\i*i*K)^'I a {j x j*K) 
T 2 {j { fK)^T 2 {j x f^K) 

are both injective. 

That 5k : ^{i^K) — > T 2 (j\j*K) is injective is immediate from the 
exact sequence 

T 1 ^) -> T\iJ*K) ^ T 2 (j,j*K) 

and that ^(K) = 0. 

Finally, T 2 (j { j*K) ->■ T 2 (j^*-K^*K) is injective : 
This follows from the triangle 

its associated cohomology sequence 

T'O'-Cf X Sa F 1 )) ^ 2 {j\j*K) T 2 (i,(rx | A j*7r,A)), 
the vanishing 

(**i) T l (j\(j*K (g)A F 1 )) = 0, 

and the identity 

L 

j\j*7T*7C*K = j\(j*K <g> A j*7T*A). 
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